Abstract. Let KG be a group algebra of a finite p -group G over a finite field K of characteristic p . We compute the order of the unitary subgroup of the group of units when G is either an extraspecial 2 -group or the central product of such a group with a cyclic group of order 4 or G has an abelian subgroup A of index 2 and an element b such that b inverts each element of A .
1. Introduction. Let KG be the group algebra of a locally-finite p-group G over a commutative ring K (with 1 ) and V (KG) be the group of normalized units (that is, of the units with augmentation 1 ) in KG. The antiautomorphism g → g −1 extends linearly to an anti-automorphism a → a * of KG; this extension leaves V (KG) setwise invariant and its restriction to V (KG) followed by v → v −1 gives an automorphism of V (KG) . The elements of V (KG) fixed by this automorphism are the unitary normalized units of KG; they form a subgroup, which we denote by V * (KG) . Interest in unitary units arose in algebraic topology and a more general definition, Typeset by A M S-T E X involving an 'orientation homomorphism', is also current; the special case we use here arises when the orientation homomorphism is trivial.
In [3] [4] A. Bovdi and A. Szakács solved the problem, posed by S. P. Novikov of the structure of the group V * (KG) of the group algebra of a finite abelian p-group over a finite field of p m elements. We also know a few facts on V * (KG) when G is nonabelian ( see survey [1] ). Note that A. Bovdi and L. Erdei [2] have described the unitary subgroup V * (KG) for all groups of order 8 and 16 . We shall study here the order of the group V * (KG) for some nonabelian groups G.
Basic facts.
For an arbitrary element x = g∈G α g g ∈ KG we put χ(x) = g∈G α g ∈ K , for a, b ∈ G we denote a b = b −1 ab and let |a| denote the order of element a .
First, let us recall some facts about the order of V * (KG) for char(K) > 2 , which are known from the theory of algebras with involution.
We use the following notation:
for the augmentation ideal of KG. Let
be the set of symmetric and the set of skew symmetric elements of I K (G) , respectively. Clearly, I K (G) = S(I) + SK(I) and S(I) ∩ SK(I) = 0 . Indeed, for any y ∈ I K (G) we have y =
, whence
Recall that, if k ∈ SK(I) , then the element 1+k is a unit and the element u = (1 − k)(1 + k) −1 is a unitary unit [6] , which is called a Cayley unitary unit.
It is easy to observe that any element in V * (KG) is a Cayley unitary unit for char(K) > 2 . Indeed, if u ∈ V * (KG) then 1 + u is a unit because χ(1 + u) = 2 = 0 and k = (1 − u)(1 + u) −1 is skew symmetric. Indeed,
−1 is a Cayley unitary unit. We conclude that u = −1 + 2(1 + k) −1 and the number of the unitary units equals the number of skew symmetric elements and
. Now let us state some basic properties of group algebras of the 2 -groups. To determine the order of the unitary subgroup V * (KG) , we need the following results from [5] . Lemma 1. Let K be a field of prime characteristic p and let G be a nonabelian locally finite p-group. The subgroup V * (KG) is normal in V (KG) if and only if p = 2 and G is the direct product of an elementary abelian group with a group H for which one of the following holds:
(i) H has no direct factor of order 2 , but it is a semidirect product of a group h of order 2 and an abelian 2 -group A with a h = a −1 for all a in A ; (ii) H is an extraspecial 2 -group or the central product of such a group with a cyclic group of order 4 .
Recall that a p-group is extraspecial if its centre, commutator subgroup and Frattini subgroup coincide and have order p. Lemma 2. Let K be a commutative ring and G be any group. For x ∈ V (KG) and y ∈ V * (KG) , we have x −1 yx ∈ V * (KG) if and only if xx * commutes with y .
Proof. Clearly, (
Since we are given y * = y −1 , this proves the lemma.
Since G ≤ V * (KG) , any element, which commutes with every element of V * (KG) , is central in KG. Thus Lemma 2 gives the following: Corollary 1. The subgroup V * (KG) is normal in V (KG) if and only if all elements of the form xx * with x ∈ V (KG) are central in KG.
Lemma 3. Let K be a field of characteristic 2 and let G be a nonabelian locally finite 2 -group for which one of the following holds:
(i) G is a semidirect product of a group b of order 2 and an abelian 2 -group A , with a b = a −1 for all a in A ; (ii) G is an extraspecial 2 -group or the central product of such a group with a cyclic group of order 4 . Then the map x → xx * is a homomorphism of the group V (KG) into the subgroup S K (G) = {xx * | x ∈ V (KG)} of the symmetric units and if V (KG) is finite, then the order of the unitary subgroup V * (KG) coincides with the index of the subgroup S K (G) in V (KG) .
Proof. From Corollary 1 we have that xx * is central in V (KG) . Setting φ(x) = xx * , we have
for all x, y ∈ V (KG) . Therefore φ is an epimorphism and the kernel of φ is the unitary subgroup V * (KG) . From this follows the rest of Lemma 3 . Lemma 4. Let G be an extraspecial 2 -group of order |G| = 2 2n+1 with n ≥ 2 . Then
Proof. If G is an extraspecial 2 -group of order |G| = 2 2n+1 with n ≥ 2 , then by Theorem 5.3.8 in [7] we have G = G 1 Y· · · YG n , where G i is a quaternion group of order 8 . Then ζ(G) = G ′ = c | c 2 = 1 and G i ∩ G j = c for any i = j . Evidently every element of order 4 of G can be written as
where z i k ∈ G i k has order 4 and i 1 < i 2 < · · · < i s . Then the number s is called the length of x . Clearly, z 2 i k = c and the length of the element of order 4 is odd.
Let
where k is odd and i 1 < i 2 < · · · < i k . We shall prove that there are precisely 3 k elements of length k in L H k . Of course, every L G i contains 3 different elements and every element of length k of the form (1) has order 4 . We conclude that the number of elements of L H k is 3 k . Since the number of different subgroups
if n is odd and m = n 2 if n is even.
According to the binomial theorem, we have
Lemma 5. Let G be a central product of an extraspecial 2 -group H of order |H| = 2 2n+1 with a cyclic group d of order 4 . Then |L G | = 2 2n .
Proof. It is obvious that any element of order 4 in G either lies in H or may be written as ud , where u ∈ H and |u| = 4 . The number of elements u is exactly |H| − 2|L H | . We conclude that
Theorem 1. Let K be a finite field of characteristic 2 .
(i) If G is an extraspecial 2 -group of order |G| = 2 2n+1 with n ≥ 2 , then
(ii) If G is a central product of an extraspecial 2 -group H of order |H| = 2 2n+1 with a cyclic group d of order 4 , then
If a i a −1 j has order 2 , then a i a
and therefore the support of xx * contain no elements of order 2 . Thus we obtain
where α b ∈ K . Of course, the number of elements of the form xx * with x ∈ V (KG) is at most |K| |L G | . We shall prove that the subgroup
2n+1 with n ≥ 2 . Take b ∈ L G and α b ∈ K . Then there exists an element w b ∈ G of order 2 , such that (w b , b) = 1 . Indeed, the length of b = z i 1 z i 2 · · · z i 2k+1 is odd. Then we choose another u 1 ∈ G i 1 of order 4 such that (u 1 , z i 1 ) = 1 and an arbitrary element u 2 either from the set {z i 2 · · · z i 2k+1 } or, if k = 0 , from G t with t = i 1 and |u 2 | = 4 . Then w b = u 1 u 2 is an element of order 2 and does not commute with b .
Since
, this shows us that any factors of b∈L G (1 + α b b(1 + c) ) belong to the subgroup S K (G) . Since uu * is central for arbitrary u ∈ V (KG) , we have 
Before observed that for any y = α 1 a 1 + α 2 a 2 + · · · + α s a s ∈ KA with a i ∈ A we have
If
is an element of order two, then a i a
and, therefore, the support of the element yy * does not contain the element of order 2 . As a consequence, xx * ∈ S K (G) has a unique expression in the form
where L is a full system of representatives of the subset { a −1 , a} with a ∈ A \ A [2] . Obviously, the number of elements of L is l =
. Hence the order of the subgroup S K (G) is at most |K| l . To prove that it is the order of S K (G) , it remains to note that for any z of the form (3) there exists x ∈ V (KG) such that xx * = z . Indeed, if
we put x 0 = α 1 a 1 + α 2 a 2 + · · · + α s a s and x 1 = 1 + x 0 . Then
and x = x 0 + x 1 b is a unit with xx * = 1 + x 0 + x * 0 = z . Thus the order of the subgroup S K (G) equals |K| l . Using this result, it is easy to find the order of the unitary subgroup , using Lemma 3 .
(ii) Now let A be a finite abelian 2 -group. Then V * (KA) = A × U by [3] and the group V * (KA) has order Let us calculate the order of the unitary subgroup for the group G using the method of the paper [3] . 
